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FORCE INTERACTION OF A SPHERE AND A VISCOUS LIQUID
IN THE PRESENCE OF A WALL

V. L. Sennitskii UDC 532.516; 532.582

The problem of the force interaction of a vibrating sphere and a viscous liquid bounded from
outside by a rigid wall at rest is studied under the assumption that the largest displacement of
the sphere is small compared to its radius and the radius of the sphere is small compared to
the distance between the sphere and the wall surface. The liquid flow and the force exerted by
the liquid on the sphere are determined.

A number of theoretical problems of the motion of a solid body in an ideal liquid under vibration
have been studied [1-7]. The most important result of the work performed was the finding of new effects
in the mean motion of inclusions in the liquid. A natural extension of studies in this area is concerned, in
particular, with examining the behavior of solid inclusions in a viscous liquid under conditions similar tc the
ones considered previously.

In [8], we formulated a principle according to which the main reason for the effects of mean motion of
inclusions in a liquid under vibration is that the inclusions can move in different directions under dissimilar
conditions. The validity of this principle is vividly demonstrated by the problem of the motion of a solid
sphere in a liquid in the presence of a wall. For an ideal liquid, a solution of this problem containing the effect
of mean motion of inclusions is given in [7] (see also [3, 6, 8]). For a viscous liquid, problems of this kind are
very complicated. An important step in the investigation of the effects of mean motion of solid inclusions
in a viscous liquid is an examination of the force interaction of a solid inclusion and a viscous liquid with
specified motion of the inclusion.

1. We consider the following problem. An absolutely rigid sphere is present in a viscous, incompressible
liquid bounded from outside by an absolutely rigid, planar wall surface. The wall is at rest, and the sphere
performs specified periodic translational vibrations with period T relative to the rectangular coordinates X,
X3, and X3. The wall surface coincides with the plane X; = 0. The region occupied by the liquid is contained
in the half-space X; > 0. The position of the wall is given by the radius-vector Z = Ze; of the center of the
sphere, where Z is a periodic function of ¢t with period 7" and e; = (1,0,0). The liquid flow does not depend
on the initial conditions. It is required to determine the force interaction between the sphere and the liquid,
i.e., the force F exerted by the liquid on the sphere (the force acting on the liquid from the sphere is —F').

We assume that 7 = t/7T', a is the radius of the sphere, z; = Xi/a, z2 = X2/a, and z3 = X3/a,
R = \/x{+ 25+ x5, p, V, and P are the liquid density, velocity, and pressure, respectively, v = TV /a,
p = T?2P/(pa?) v is the kinematic viscosity of the liquid, Re = a?/(vT) is the Reynolds number, P is the

stress tensor in the liquid, W = (dZ/dt)e; is the velocity of the sphere, W is the largest magnitude of [W/,
t+T
. x ) . 1
w=W/W = we, (w = Real Z wme2m"">, 0 =WT/a,{(Z) = T / Zdt, e =a/(2), 2= Z/{Z), (q) is
m==1
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the surface of the sphere described by the equation (z; — 2/¢)? + :v% + z§ =1, n is the outer unit normal to
(g), and (Q) is the surface of the wall described by the equation z; = 0.

The formula for the force exerted by the liquid on the sphere, the Navier-Stokes and continuity equa-
tions, and the conditions that should be satisfied on (¢) and (Q) and for R — oo have the form

F= //fP n dg; (1.1)

(9)

ov 1
8T+( V)v——Vp-FR—e-Av, V-v=0 (1.2)
v=0w on (g}, v=0o0n (Q), v—0 as R— cc. (1.3)

2. We assume that the values of § and £ are small compared to unity and the values of § are small
compared to the values of 3. We note that the values of Re are not assumed to be small or large compared
to unity.

We find an approximate solution of the problem (1.2), (1.3). The approach considered below extended
the method of [9] for solving the problem of potential flow of an ideal liquid to the problem of viscous flow
with Reynolds number that are not small or larger compared to unity.

2.1 We consider the problem of liquid flow in the absence of a wall. In the coordinate system X| =
Xy — Z, X5 = X9, X§ = X3 (in which the sphere is immovable), we have

8'00 _ 7 1 7o dw [
a +(0 V) = Vp0+§A'v0——5-E7—_-. V"Uo—o, (21)
vy =0 for r=1, vy — —dw as r — oo, (2.2)

where v), = TV{y/a (V}, is the liquid velocity), ph = T?(P}/(pa?) (P} is the pressure in the liquid), and

r=\/IF+ 2} + 25 (;r1 Xi{/a. zy = X}/a, and 2 = X}/a).

We assume that as § — 0,

vy ~ 5v6(1), Py ~ 5p6(1). (2.3)
Using (2.1)—(2.3), we obtain
dvg " e e dw o) 1) _g.
_aT V + A E;—, v - Vg ' = O, (24)
vgl) =0 for r=1, vgl) — —w as T — oo. (2.5)
The problem (2.4), (2.5) has the solution
JO__1 9% Jo 1 Oy (2.6)
Yor = 1Tsimo or Yo = Tising o '
2 3
w (o0 10 20 4y dw gl osh
R = e GRS R )| LR = e B 27

where

= [qm +3gm +3 3/ "’Ks/z@mr)]egmw} sin? @

1
wr? + Real
Yo = 2{ Z am mT K1/2(Qm)

m=1

[gm = (1 +4)VmnRe and K,/ and K3/ are the Macdonald functions|, @ is the angle between the vectors

A , and ¢g is a function

(1,0,0) and (2}, x5, x5), vo(rl) and v&l) are the r- and @-components of the vector v,
of .
2.2. We convert to the coordinates X, Xo, and X3. We determine the error that arises in the plane

z1 = 0 when v in the condition v = 0 for z; = 0 is replaced by §(v AR w). According to (2.6), we have
51



5 /(1) -
oo, = ol o] o
where
1, z—€Exy ad g2, +3¢m +3 ;
=—g2A A = Real m m 2mmit
X e+ R+ P (4=Rea mzw )

and § is a small quantity compared to €* (« is any positive number).
We consider the following problem of liquid flow in the absence of a sphere, whose solution compensates
for the error (2.8):

Ov 1
’8“7_2 + (ve* V)ve = =Vpe + Re A, V.ve=0; (2.9)
ve=—8(Vx+&) for z; =0, ve — 0 as R — 0, {2.10)

where v = TV /a (Ve is the liquid velocity) and pc = T2P./(pa?) (P, is the liquid pressure).
We assume that as ¢ — 0,

Ve ~ 6vgl), Pe ~ 5p£1). (2.11)
Using (2.9)—(2.11), we obtain
oo W, 1AW (1)
5 = ~Vpe' + Re Ave’, V-ve’ =0 (2.12)
(1) _ _ _ — (1)
v =~Vx—§& for ;1 =0, ve’ — 0 as R — oo. (2.13)
In (2.12), (2.13), we make the substitution
o = vt + vx*, (2.14)
where
1, z+ex)
= fA .
X =3¢ [(z +ez1)? + £2(22 + z3)]3/2
As a result, we obtain
ov* 1 . Ox* 1
—_— e — —_— — *’ v . * = ; 2.1
5 =~V + 50 ) + g b v =0 (2.15)
v*=-V(x+x") —§ for z; =0, v* -0 as R — oo. (2.16)

The problem (2.15), (2.1) has the following solution, which satisfies the first condition of (2.15), the second
condition of (2.15), and the first condition of (2.16) with accuracy up to &*, €3, and €®, respectively, and
rigorously satisfies the second condition of (2.16):

v =0,
(2.17)
3etzy kad @ +3qm+3 _ ,
* Real 'm m e gmT1+2mmiT L= 2V 3 :
S ET A g R L g ( )
X _ 9.1
C + 87' CCs ( . 8)

where v}, v3, and v3 are the z;-, z2-, and z3- components of the vector v* and C; is a function of 7. In view
of this, the problem (2.90, (2.10) has solution (2.14), (2.17), (2.18).

The expression for (5('06(1) +w+ vél)) given by relations (2.6), (2.14), and (2.17) satisfies the condition
5('06(1) +w+ vf:l)) =0 for ; = 0 with accuracy up to 2.
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2.3. We convert to the coordinates X, X}, and X3. We determine the error that arises on the sphere
r =1 when v — dw in the condition v — dw = 0 for 7 = 1 is replaced by 6(v, g v(l)) According to (2.6),
(2.14), and (2.17), we have

s e,

ot e’], (2.19)

where &’ is a small quantity compared to Ea/(a’ is any positive number).
We counsider the following problem of liquid flow in the absence of a wall, whose solution compensates
for the error (2.19):
v, 5 dw

-57—_' + (v’c . V') —V/ + P A/ , 0 —, v 'U/C =0 (2.20)

v’c — _5(VX* + 5’) for r=1, ’Ué — 0 as r — o0, (221)

where v = TV, /a (V is the liquid velocity) and p, = T?P./(pa?) (P is the liquid pressure).
We assume that as § — 0.

vl ~ sl pl o~ opl. (2.22)
Using (2.20)-(2.22), we obtain
ove” oy 1 oy dw o g,
87— _ —'v pC + ﬁ‘g A vc - E‘_‘, V - vc — O, (2.23)
ol = vy — ¢ for r=1, v 50 as r — . (2.24)
The problem (2.23), (2.24) has the solution

Ay _ 1 9 (y _ 1 0Y%

e = 2sing 99 Yo = T sme ar (2.25)
w_ ([ B L1 208 Ay, dw g cosd

be "= {[ gror T Re<87'3 2o 7'3)}% ar " e}sinQQ e (2:26)

which satisfies the first condition of (2.24) with accuracy to ¢* and exactly satisfies (2.23) and the second
condition of (2.4). Here

sin’ 4

JAd/217
Pe = —1— % Real Z W qm + 3qm + 3 [Qm + 3qm + 3 3rt/ —A3/2(qmr)]92m7rir
an gm7T }\I/Q(Qm)

m=1
and c¢ is a function of 7.
The expression for §(v g Ve 4 'v( )) given by formulas (2.6), (2.14), (2.17), and (2.25) satisfies the
condition 0(1}01) + v(l) /C(l)) =0 for r = 1 with accuracy to &e3.
2.4. According to the aforesaid, the problem (1.2), (1.3) has an approximate solution given by the
formulas

v=5v) +w+o + oY), p= ( AU L+ + 1)+c, (2.27)

and (2.6), (2.7), (2.14), (2.17), (2.18), (2.25), and (2.26) (c is a function of 7). This solution satisfies (1.2)
and the first two conditions of (1.3) with accuracy to de3 and exactly satisfies the last condition of (1.3).
3. Using (1.1), (2.6), (2.7), (2.14), (2.17), (2.18), and (2.25)—(2.27), we obtain

27ra W (dw m + 1 ;
F = 316 I — 187 Imag Z mwm——ag—n— e2mmir
m=1
3 dw gm+179 3 3\ 2mmir
+§E [217 - 127 Imagmz:lmwm s (qm+§qm+-2—)e ]}61- (3.1)



Formula (3.1) gives the force interaction between the sphere and the liquid.
From (3.1) it follows that for ¢ = 0,

2malpW d = ;
F= _m;_Tp [_w — 187 Imag Z m'w,,lgiqj—1 e2m’""] e;. (3.2)
m=1

dr 2

Formula (3.2) is in agreement with the formula of [10] for the force acting on a solid sphere from a viscous
liquid that is unbounded from outside.

4. The above approach to determining viscous flow with an inclusion in the presence of a wall is

suitable for studying the effects of mean motion of inclusions in a viscous liquid. It can be used, in particular,
to investigate the effect of the viscosity of a liquid on the paradoxical equilibrium of a solid inclusion present
in the liquid and the “levitation” of the inclusion under vibrating actions on the liquid [1, 3, 7].
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